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ELECTROHYDRODYNAMIC M I G R A T I O N  OF CHARGED DROPLETS I N  AN INSULATING FLUID 
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SUMMARY 
The mot ion  o f  charged, c o n d u c t i n g  d r o p l e t s  p r e s e n t  i n  an i n s u l a t i n g  f l u i d  
medium i s  ana lyzed  under t h e  a c t i o n  o f  an e l e c t r i c  f i e l d ,  i n  m i c r o g r a v i t y .  
P r e v i o u s  ana lyses  of t h i s  p rob lem have cons ide red  t h e  Maxwel l  s t r e s s e s  as t h e  
o n l y  d r i v i n g  f o r c e .  I n  t h e  p r e s e n t  s tudy ,  arguments from macroscop ic  thermody- 
namics and t h e  m o l e c u l a r  t h e o r y  o f  s u r f a c e  t e n s i o n  a r e  used t o  show t h a t  su r -  
f a c e  t e n s i o n  g r a d i e n t s  can be induced due t o  t h e  v a r i a t i o n  of t h e  e l e c t r i c  
p o t e n t i a l  on t h e  i n t e r f a c e .  I n  t h e  l i m i t  o f  Reynolds numbers smal l  compared t o  
u n i t y ,  t h e  t e r m i n a l  v e l o c i t y  o f  m i g r a t i o n  of t h e  d r o p l e t  i s  c a l c u l a t e d  under 
t h e  combined a c t i o n  o f  t h e  Maxwel l  s t r e s s e s  and t h e  s u r f a c e  t e n s i o n  g r a d i e n t s .  
The r e s u l t s  show t h a t  t h e r e  a r e  no  s u r f a c e  t e n s i o n  g r a d i e n t s  ( i . e . ,  no e l e c t r i c  
p o t e n t i a l  v a r i a t i o n  a t  t h e  i n t e r f a c e )  i n  a case t h a t  i s  c o n s i d e r e d  s t r i c t l y  
e l e c t r o s t a t i c .  W i th  t h e  i n c l u s i o n  o f  s u r f a c e  c u r r e n t s  due to  t h e  c o n v e c t i o n  o f  
t h e  s u r f a c e  charges,  s u r f a c e  t e n s i o n  g r a d i e n t s  do e x i s t  and t e n d  t o  reduce t h e  
t e r m i n a l  v e l o c i t y  o f  t h e  d r o p l e t .  
m o t i o n  has a l s o  been c a l c u l a t e d ,  when t h e  d e f o r m a t i o n s  from t h e  s p h e r i c a l  shape 
a r e  s m a l l .  
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INTRODUCTION 
Electrically charged droplets present in a fluid with which they are 
immiscible, will move when they are subjected to an electric field. They 
attain a steady speed of electrohydrodynamic migration, termed the terminal 
velocity, in a uniform field, when the electrical force is balanced by the vis- 
cous resistance. Such migration is also called electrokinetic or electropho- 
retic motion i n  colloidal systems, where the motion i s  due to the interaction 
of the applied filed with the electric double layer present at the interface 
and has been extensively investigated (refs. 1 to 6 ) .  Electrohydrodynamic 
migration, like thermocapillary migration, is useful in many applications in 
microgravity, where, in the absence of buoyancy, the locations of droplets and 
bubbles need to be controlled by various mechanisms. 
There have been few investigations of the electrokinetics of fluid-fluid 
interfaces (ref. 6 ) .  Most studies (refs. 2 to 6 )  consider the Maxwell stresses 
as the driving force for the flow. Levich (ref. 1 )  has ana lyzed t h e  motion o f  
mercury drops in electrolytes, representing the driving force as a surface ten- 
sion gradient, arising from the electrocapillary effect. It is the contention 
of the authors that the Maxwell stresses and surface tension gradients due to 
electrocapillarity, though each occurs because of the applied field, are inde- 
pendent driving mechanisms as far as the flow is concerned and hence can act 
simultaneously. The combined effect of the two is analyzed in this study for 
a model problem of the migration of a charged, conducting droplet in an elec- 
trically insulating medium. 
resides as a surface charge at the interface. This situation is the same as 
the "charge monolayer" problem considered by Spertell and Saville (ref. 4 ) .  
Since the droplet medium is conducting, the charge 
In what follows, the thermodynamics of the system are considered to show 
that surface tension gradients can be generated by the variation o f  the elec- 
tric potential at the interface, and reasoning from a molecular basis is used 
to explain the origin of the surface tension gradient. The electrohydrodynamic 
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f o r m u l a t i o n  f o r  t h e  m i g r a t i o n  o f  a s p h e r i c a l  d r o p l e t  i s  t hen  p r e s e n t e d  and the  
p o t e n t i a l  and f low f i e l d s  and t h e  t e r m i n a l  v e l o c i t y  a r e  c a l c u l a t e d .  The c a l c u -  
l a t e d  f i e l d s  a r e  l a s t l y  used t o  de te rm ine  t h e  s l i g h t l y  p e r t u r b e d  shape o f  t h e  
d r o p l e t .  
THERMODYNAMICS AT THE INTERFACE 
P resen ted  below i s  a s i m p l i f i e d  v i e w  of t h e  thermodynamics o f  t h e  i n t e r -  
f a c e  where t h e  occu r rence  o f  a charge doub le  l a y e r  i s  exc luded.  Cons ide r  a 
system c o n s i s t i n g  o f  an e l e c t r i c a l l y  i n s u l a t i n g  f l u i d  w i t h  an e l e c t r i c a l l y  con- 
d u c t i n g  i m m i s c i b l e  d r o p l e t  i n s i d e ,  under m i c r o g r a v i t y  ( f i g .  1 ) .  L e t  t h e  s y s t e m  
change from one e q u i l i b r i u m  s t a t e  t o  a n o t h e r ,  d u r i n g  which t h e  system can 
exchange h e a t  and e l e c t r i c a l  charge w i t h  t h e  s u r r o u n d i n g s ,  b u t  no mass e n t e r s  
o r  l eaves  t h e  system. Deno t ing  t h e  i n s u l a t i n g  f l u i d ,  t h e  d r o p l e t  medium and 
t h e  i n t e r f a c e  r e g i o n  by t h e  s u b s c r i p t s  1 ,  2 and i r e s p e c t i v e l y  and assuming 
t h a t  each subsystem ( 1 , 2 , i >  remains i n  e q u i l i b r i u m  a t  t h e  i n i t i a l  and f i n a l  
s t a t e s  for a r e v e r s i b l e  process w i t h  t h e  d r o p l e t  and t h e  i n t e r f a c e  n o t  t r a n s -  
f e r r i n g  charge t o  t h e  i n s u l a t i n g  f l u i d ,  t h e  change i n  t h e  i n t e r n a l  ene rgy  o f  
t h e  sys tem i s  
d = d + d %%2 + d ( 1  1 
where 
o i s  t h e  s u r f a c e  t e n s i o n  (or i n t e r f a c i a l  t e n s i o n ;  t h e  two words a r e  used 
i n t e r c h a n g e a b l y ) ,  Qi i s  t h e  s u r f a c e  charge b r o u g h t  t o  t h e  i n t e r f a c e  from 
i n f i n i t y  where t h e  p o t e n t i a l  i s  z e r o  and 
i n t e r f a c e .  Keeping t h e  i n t e n s i v e  v a r i a b l e s  f i x e d ,  i f  t h e  e x t e n s i v e  v a r i a b l e s  
a r e  p e r m i t t e d  t o  undergo a f i n i t e  change, ( r e f .  7 )  t h e  f o l l o w i n g  e x p r e s s i o n  
may be w r i t t e n  f o r  ‘ai 
6i i s  t h e  e l e c t r i c  p o t e n t i a l  a t  t h e  
D i f f e r e n t i a t i n g  e q u a t i o n  ( 5 )  and s u b t r a c t i n g  e q u a t i o n  ( 4 )  y i e l d s  t h e  Gibbs- 
Duhem e q u a t i o n  f o r  the  i n t e r f a c e  as 
If t h e  s u r f a c e  i s  i s o t h e r m a l  d u r i n g  t h e  p rocess ,  dTi  = 0 and hence 
which i s  analogous to  t h e  Lippman e q u a t i o n  f o r  e l e c t r o c a p i l l a r y  phenomena 
( r e f .  8 ) .  From e q u a t i o n  ( 7 ) ,  we may w r i t e  
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. 
where Vs i s  t h e  s u r f a c e  g r a d i e n t  o p e r a t o r  and Gi i s  t h e  s u r f a c e  charge den- 
s i t y .  Thus s u r f a c e  t e n s i o n  g r a d i e n t s  can o c c u r  when t h e  s u r f a c e  i s  charged 
and t h e  p o t e n t i a l  v a r i e s  on t h e  i n t e r f a c e .  
MOLECULAR B A S I S  OF SURFACE TENSION GRADIENT 
I f  one t h i n k s  o f  t h e  s u r f a c e  o f  t h e  charged d r o p l e t  as a membrane w i t h  
embedded charge,  t hen  whenever t h e r e  i s  a n o n u n i f o r m  charge d e n s i t y ,  t h e r e  w i l l  
be unbalanced e l e c t r i c  f o r c e s  between t h e  charges.  T h i s  i s  t h e  p h y s i c a l  p i c -  
t u r e  t h a t  persuades us t h a t  i f  t h e  e x t e r n a l l y  a p p l i e d  e l e c t r i c  f i e l d  induces a 
nonun i fo rm charge,  t hen  a s u r f a c e  s t r e s s  i s  i nduced .  
R e f e r r i n g  to  a t r e a t i s e  on t h e  m o l e c u l a r  t h e o r y  o f  s u r f a c e  t e n s i o n ,  one 
can w r i t e  a m o l e c u l a r  l e v e l  e x p r e s s i o n  fo r  u as ( r e f .  9 )  
where r and I'2 a r e  t h e  1 and 2 p a r t i c l e  s u r f a c e  excess q u a n t i t i e s  respec-  
X v e l y ;  (p i s  t h e  p a r t i c l e  p o t e n t i a l  energy from t h e  many p a r t i c l e  H a m i l t o n i a n ;  
t i s  a u n i t  v e c t o r  t angen t  t o  t h e  s u r f a c e ;  and kBT i s  t h e  Boltzmann c o n s t a n t  
t i m e s  tempera tu re .  The p o t e n t i a l  energy t e r m  above e f f e c t i v e l y  accumulates t h e  
surface component o f  t h e  f o r c e  a c t i n g  on a p a r t i c l e  by a l l  t h e  o t h e r  p a r t i c l e s .  
r2 ensures t h a t  c o n t r i b u t i o n s  occu r  o n l y  where t h e r e  i s  an excess or d e p l e t i o n  
of p a r t i c l e  p a i r s  w i t h  r e s p e c t  t o  t h e  b u l k .  
On o u r  charged s u r f a c e ,  6 w i l l  c o n t a i n  c o n t r i b u t i o n s  f r o m  t h e  e x t e r n a l  
e l e c t r i c  f i e l d ,  which i s  a s o l u t i o n  t o  t h e  e l e c t r o s t a t i c  problem, as w e l l  as 
the  l o c a l  e l e c t r i c  f i e l d  from n e i g h b o r i n g  charged p a r t i c l e s .  I t  i s  t h e  l o c a l  
e l e c t r i c  f i e l d  p r e s e n t  i n  t h e  nonun i fo rm s u r f a c e  charge d i s t r i b u t i o n  case t h a t  
we contend p h y s i c a l l y  mandates a sur face t e n s i o n  g r a d i e n t  i n  a d d i t i o n  t o  Max- 
w e l l  s t r e s s e s  c a l c u l a t e d  f r o m  an e x t e r n a l  e l e c t r i c  f i e l d .  
ELECTROHYDRODYNAMIC FORMULATION 
Cons ide r  a c o n d u c t i n g  d r o p l e t  p r e s e n t  i n  an i n s u l a t i n g  f l u i d  of  i n f i n i t e  
e x t e n t  ( F i g .  1 ) .  The d r o p l e t  c a r r i e s  a t o t a l  s u r f a c e  charge,  Q , and i s  sub- 
j e c t e d  t o  a u n i f o r m  e l e c t r i c  f i e l d  Eo. 
n a l  v e l o c i t y  o f  t h e  d r o p l e t  and t h e  f low and p o t e n t i a l  f i e l d s  i n  b o t h  f l u i d s .  
A s  t h e  d r o p l e t  moves a t  i t s  c o n s t a n t  t e r m i n a l  v e l o c i t y ,  i t  i s  conven ien t  t o  
choose a c o o r d i n a t e  s y s t e m  on t h e  d r o p l e t  w i t h  t h e  o r i g i n  a t  i t s  c e n t e r  of 
mass. I n  t h i s  c o o r d i n a t e  system, t h e  o u t e r  f l u i d  approaches t h e  d r o p l e t  w i t h  
t h e  t e r m i n a l  v e l o c i t y  Vm, which i s  t o  be de te rm ined .  
We would l i k e  t o  c a l c u y a t e  t h e  t e r m i -  
The flow i s  cons ide red  t o  be i n c o m p r e s s i b l e ,  l a m i n a r  and w i t h  s p a t i a l l y  
c o n s t a n t  p h y s i c a l  p r o p e r t i e s  ( v i s c o s i t y ,  e l e c t r i c a l  c o n d u c t i v i t y ,  e t c ) .  The 
d r o p l e t  i s  assumed to  be s p h e r i c a l .  From t h e  geometry and t h e  boundary cond i -  
t i o n s ,  t h e  prob lem i s  symmetr ic about  t h e  flow d i r e c t i o n  ( t h e  d r o p l e t  p o l a r  
a x i s ) .  The b a s i c  e q u a t i o n s  f o r  t h e  flow i n  t h e  two f l u i d s  a r e  t h e  N a v i e r -  
Stokes e q u a t i o n s .  The t r e a t m e n t  o f  e l e c t r i c a l  e f f e c t s  i n  t h i s  s tudy  i s  t h e  
same as i n  t h e  s tudy  by Melcher  and T a y l o r  ( r e f .  10) .  A s  ment ioned i n  
r e f e r e n c e  10, t h e  dynamic c u r r e n t s  a r e  so smal l  and the  induced magnet ic  f i e l d  
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i s  n e g l i g i b l e  and hence, t h e  b a s i c  e q u a t i o n s  a r e  t h e  e l e c t r o s t a t i c  form o f  Max- 
w e l l ’ s  e q u a t i o n s .  I t  i s  assumed t h a t  t h e  c u r r e n t  d e n s i t y  i s  p r o p o r t i o n a l  t o  
t h e  e l e c t r i c  f i e l d  i n  t h e  d r o p l e t  (Ohms l a w ) ,  w i t h  t h e  e l e c t r i c a l  c o n d u c t i v i t y  
b e i n g  a c o n s t a n t .  I n  b o t h  f l u i d s ,  t h e  e l e c t r i c  d i sp lacemen t  i s  t aken  t o  be 
p r o p o r t i o n a l  t o  t h e  e l e c t r i c  f i e l d ,  w i t h  t h e  p e r m i t t i v i t y  b e i n g  a c o n s t a n t .  
The Maxwel l  equa t ions  t h e n  reduce to  an e q u a t i o n  for t h e  e l e c t r o s t a t i c  po ten-  
t i a l .  S u b s c r i p t s  1 and 2 a r e  used t o  denote  t h e  o u t e r  f l u i d  and t h e  d r o p l e t  
medium r e s p e c t i v e l y .  The c o o r d i n a t e  system i s  R,8,4 w i t h  t h e  o r i g i n  a t  t h e  
c e n t e r  o f  mass of  t h e  d r o p l e t  ( f i g .  1 ) .  8 i s  measured c l o c k w i s e  from t h e  
p o i n t  o f  i n c i d e n c e  o f  t h e  f low. R a t i o n a l i z e d  MKS u n i t s  a r e  used fo r  t h e  e l e c -  
t r i  c a l  q u a n t i  t i e s .  
A r e f e r e n c e  v e l o c i t y  s c a l e  VR for  t h e  f low f i e l d  may be e s t i m a t e d  from 
t h e  f a c t  t h a t  when t h e  d r o p l e t  moves a t  t h e  t e r m i n a l  v e l o c i t y ,  t h e  Coulombic 
f o r c e  on i t  i s  ba lanced by t h e  v i s c o u s  f o r c e s .  Hence, 
where qo = 0o/(4VRo2) i s  t h e  s u r f a c e  charge d e n s i t y .  VR t h u s  y i e l d s  t y p i c a l  
va lues  o f  t h e  v e l o c i t i e s  t h a y  may be a n t i c i p a t e d .  The Reynolds number i s  
Re = V R / v  = q E R ‘/(plv) R o  0 0 0  ( 1 1 )  
Re compares t h e  i n e r t i a l  f o r c e s  on  a f l u i d  e lement  t o  t h e  v i s c o u s  f o r c e s  on 
i t .  I n  what f o l l o w s ,  Re for  b o t h  f l u i d s  i s  assumed t o  be s m a l l  compared t o  
u n i t y .  The Nav ie r -S tokes  e q u a t i o n s  a r e  w r i t t e n  i n  t h e  Re < <  1 l i m i t  f o r  t h e  
s t ream f u n c t i o n  ( r e f .  1 1 ) .  D imens ion less  v a r i a b l e s  a r e  d e f i n e d  as fol lows 
d 
EoRo 
r = -  R , u = -  U , v = -  V , + =  
RO VR vR 
(12 )  
where VR i s  as d e f i n e d  by  e q u a t i o n  (10) and the  s t ream f u n c t i o n  + i s  such 
t h a t  
The b a s i c  e q u a t i o n s  i n  t h e  two f l u i d s  a r e  
4 D + = O  
2 v + = o  
where 
a [ 1  a 
D 2 = 2 + 2 s i n e a  a2 1 m a ]  
ar r 
(13) 
(14 )  
v2 = + [r2 k] + 1 ae [ s i n  e J 
r r2 s i n  e 
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The boundary c o n d i t i o n s  a r e  r + a r e  
vm 2 ql + -r2 s i n  e 2 (16 )  
i . e . ,  t h e  v e l o c i t y  tends  t o  t h e  f r e e  s t ream v e l o c i t y  vm = V m / V ~  and 
0, + -r cos 8 ( 1 7 )  
i . e . ,  t h e  e l e c t r i c  f i e l d  i s  u n i f o r m  f a r  away from t h e  d r o p l e t  (r= -V$ = -Eo%. 
The boundary c o n d i t i o n s  a t  r = 1 ( t h e  d r o p l e t  s u r f a c e )  a r e  
( a )  q, = c o n s t a n t  = 0, q2 = c o n s t a n t  = 0 (18 )  
i . e . ,  t h e  r a d i a l  v e l o c i t i e s  a r e  z e r o  a t  t h e  s u r f a c e .  The c o n s t a n t s  may be s e t  
equa l  t o  z e r o  w i t h o u t  loss o f  g e n e r a l i t y .  
( b )  
i . e . ,  t h e  t a n g e n t i a l  v e l o c i t i e s  a r e  c o n t i n u o u s ,  
i . e . ,  t h e  t a n g e n t i a l  f i e l d s  a r e  c o n t i n u o u s ,  
(d )  
(19 )  
(21 )  
T h i s  boundary c o n d i t i o n  i s  w r i t t e n  d i m e n s i o n a l l y  and r e p r e s e n t s  t h e  d i s c o n t i n u -  
i t y  i n  t h e  normal d i sp lacemen t  f i e l d s  i n  p r o p o r t i o n  t o  t h e  s u r f a c e  charge den- 
sity ( r e f .  1 2 ) .  
must have 
Since the total charge on the droplet i s  Qo = 4d,2qo, we 
2 1; i 2nR; s i n  8 de = 4nRo go (22 )  
(e )  Shear s t r e s s  ba lance :  The ba lance  o f  shear s t r e s s e s  a t  t h e  i n t e r f a c e  
may be w r i t t e n  as 
i s  t h e  hydrodynamic shear s t r e s s  and 
i s  t h e  e l e c t r i c  or Maxwell  shear s t r e s s .  From e q u a t i o n  ( a ) ,  
0 
where T~~ = ’‘ % [i] 1R.R 
e 




ao/ae = - 6 &$/ae. 
shear s t r e s s  ba lance a t  r = 1 may be w r i t t e n  as 
U s i n g  d i m e n s i o n l e s s  v a r i a b l e s  and d e f i n i n g  q = i / q o ,  t h e  
( 2 4 )  
I t  may be no ted  t h a t  T ~ F ~  - T ~ F ~  = ao/ae = -q<a$/ae)  a t  r = 1 
c o e f f i c i e n t  i n  t h e  r i g h t  hand s i d e  o f  e q u a t i o n  ( 2 4 )  i s  2 .  S ince  t h i s  i s  t h e  
o n l y  p l a c e  i n  t h e  f o r m u l a t i o n  t h a t  t h e  sur face  t e n s i o n  g r a d i e n t s  a r e  encoun- 
t e r e d  ( s u r f a c e  t e n s i o n  i s  a l s o  encoun te red  i n  t h e  normal s t r e s s  ba lance  a t  t h e  
d r o p l e t  s u r f a c e  and w i l l  be addressed l a t e r ) ,  t h e  t e r m  2qa+/ae w i l l  be tagged 
for purposes o f  comparison and w r i t t e n  as Bqa$/ae. Hence 13 = 2 w i l l  r e c o v e r  
t h e  p r e s e n t  f o r m u l a t i o n  w h i l e  13 = 1 r e p r e s e n t s  a f o r m u l a t i o n  where e i t h e r  Max- 
w e l l  shear s t r e s s e s  or s u r f a c e  t e n s i o n  g r a d i e n t s  ( b u t  n o t  b o t h )  a r e  c o n s i d e r e d .  
and hence t h e  
( f )  Charge c o n s e r v a t i o n :  S ince  t h e  i n t e r f a c e  can move w i t h  r e s p e c t  t o  t h e  
b u l k  o f  t h e  d r o p l e t ,  t h e  m o t i o n  of t h e  su r face  charges c o n s t i t u t e s  an e l e c t r i c  
c u r r e n t  a t  t h e  s u r f a c e .  S ince  charge must be conserved,  and t h e  o u t s i d e  medium 
i s  i s u l a t i n g ,  t h e r e  must e x i s t  a r a d i a l  c o n d u c t i o n  c u r r e n t  a t  t h e  s u r f a c e  from 
t h e  n s i d e  medium. U s i n g  Ohm's law ( c u r r e n t  d e n s i t y  = c o n d u c t i v i t y  x f i e l d )  
and n v e n t o r y i n g  charge movement, charge c o n s e r v a t i o n  may be w r i t t e n  as 
( g >  Net f o r c e  on  t h e  d r o p l e t :  A s  t h e  d r o p l e t  moves a t  i t s  t e r m i n a l  v e l o c -  
t h e  n e t  f o r c e  a c t i n g  on  i t  must be z e r o .  S ince  s u r f a c e  t e n s i o n  i s  an 
i n t e r n a l  f o r c e  f o r  t h e  d r o p l e t  and cannot  a c t  on i t s e l f ,  t h e  sum o f  t h e  hydro-  
dynamic and elec-tr ical + fo rces  e x e r t e d  on  t h e  d r o p l e t  by t h e  o u t s i d e  medium must 
be z e r o ,  i . e . ,  F, + Fh = 0. By symmetry, t h e  n e t  f o r c e  p e r p e n d i c u l a r  to  t h e  
f low d i r e c t i o n  i s  z e r o .  That  t h e  n e t  f o r c e  p a r a l l e l  t o  t h e  flow d i r e c t i o n  i s  
z e r o  may be expressed as 
s i n 8 - - E  2 l R 1  2 c o s 8  1 + [ l o % !  p R  
where P1 i s  t h e  hydrodynamic p r e s s u r e  i n  t h e  o u t e r  f l u i d .  T h i s  c o n d i t i o n  i s  
e s s e n t i a l l y  what de te rm ines  t h e  unknown e i g e n v a l u e  Vm. I n s t e a d  of i n t e g r a t i n g  
the  s u r f a c e  s t r e s s e s ,  Fe may a l s o  be c a l c u l a t e d  a l t e r n a t i v e l y  by  r e c o g n i z i n g  
t h a t  i t  i s  equal  to  t h e  f o r c e  on  t h e  n e t  charge Qo due t o  t h e  u n i f o r m  f i e l d  
Eo. Hence 
( 2 7 )  2 F = -4nR q E e 0 0 0  
8 
i n  t h e  
t e d  by 
dimens 
A 
Y d i r e c t i o n ,  where Y = -R cos 0. S i m i l a r l y ,  Fh may a 
Re < <  1 and may be u s i n g  a theorem ( r e f .  1 1 )  v a l i d  when 
ona l  form a l o n g  ' ? d i r e c t i o n  as 
so be c a l c u l a -  
expressed i n  
T h i s  comple tes  t h e  s p e c i f i c a t i o n  of t h e  boundary v a l u e  p rob lem.  
n o t e d  t h a t  t h e  normal s t r e s s  ba lance  e q u a t i o n  a t  t h e  d r o p l e t  s u r f a c e  has n o t  
been used i n  t h e  f o r m u l a t i o n  t h u s  f a r .  
t o  be s p h e r i c a l .  S t r i c t l y  speak ing ,  i t  i s  t h e  normal s t r e s s  ba lance  t h a t  
de te rm ines  t h e  t r u e  shape of t h e  d r o p l e t  as i t  moves. We w i l l  r e t u r n  t o  t h i s  
p o i n t  l a t e r .  
I t  may be 
T h i s  i s  because t h e  d r o p l e t  i s  assumed 
SOLUTION 
( a )  Case 1 :  Cons ide r  a case where qo2/k2p1 < <  1 as i s  t h e  case f o r  
h i g h l y  c o n d u c t i n g  d r o p l e t s .  
t h e n  be n e g l e c t e d  and t h e  p rob lem i s  s t r i c t l y  e l e c t r o s t a t i c .  
reduces  t o  
The su r face  c u r r e n t  due t o  charge c o n v e c t i o n  may 
Equa t ion  ( 2 5 )  
a% - -  a,- - 0  a t  r = l  
The s o l u t i o n  t o  e q u a t i o n s  (13 )  and (14 )  i s  
qo 1 cos e 4 - - r c o s 9 + - - + -  2 & l E o  r 1 -  
0, = C1 = c o n s t a n t  
[ r  r + 1 - vm> 1 s i n  2 e q 1 =  - - + -  2 2  r 
1 2 2 qr2 = 4 (3vm - z ) ( ~ ~  - r > s i n  e 
vaJ = [ I  + ;]/[1 + 21 
The d imens iona l  t e r m i n a l  v e l o c i t y  i s  
v =  
m 
wh ich  i s  t h e  same as i n  r e f e r e n c e  4 
(29) 
(30 )  
(31 )  
(32 )  
( 3 3 )  
(34 )  I 
( 35 )  
When p2 + m, t h e r e  i s  no  flow i n  t h e  d r o p l e t  and t h e  r e s u l t s  reduce t o  
The t e r m i n a l  v e l o c i t y  o f  t h e  s o l i d  t h e  m o t i o n  o f  a s o l i d  sphere i n  a f l u i d .  
9 
sphere may be d e r i v e d  b e q u a t i n g  t h e  Coulombic f o r c e  on i t  t o  t h e  Stokes  
e q u a t i o n  (35 )  i n  t h e  l i m i t  p2 + a. From t h e  s o l u t i o n ,  s i n c e  +2 = C 1  and 
a + , / M  = 0 a t  r = 1 ,  t h e r e  a r e  no t a n g e n t i a l  Maxwel l  s t r e s s e s  and no s u r f a c e  
t e n s i o n  g r a d i e n t s  a t  t h e  s u r f a c e  o f  t h e  d r o p l e t .  A l l  t h e  d r i v i n g  f o r c e  f o r  
the  f low comes from t h e  normal Maxwel l  s t r e s s e s ,  wh ich  i s  what c o n t r i b u t e s  t o  
Fe. S ince  t h e  normal s t r e s s  c o n d i t i o n  a t  r = 1 has n o t  been c o n s i d e r e d ,  t h e  
d r i v i n g  f o r c e  i s  n o t  e x p l i c i t l y  seen. To see t h e  e f f e c t s  o f  s u r f a c e  t e n s i o n  
g r a d i e n t s ,  wh ich  i s  t h e  p r i m a r y  goa l  o f  t h e  p r e s e n t  s t u d y ,  ano the r  case must 
be cons ide red  where charge c o n v e c t i o n  must be r e t a i n e d .  
( b )  Case 2 :  Here q02/k2p, i s  n o t  smal l  and charge c o n v e c t i o n  i s  
r e t a i n e d .  The r e s u l t i n g  n o n u n i f o r m  charge d i s t r i b u t i o n  w i l l  i nduce s u r f a c e  
t e n s i o n  g r a d i e n t s  ( c f ,  t h e  m o l e c u l a r  p i c t u r e ) .  However, f o r  ma themat i ca l  s i m -  
p l i c i t y ,  t h e  s u r f a c e  charge d i s t r i b u t i o n  i s  t aken  t o  be u n i f o r m  i n  t h e  charge 
c o n s e r v a t i o n  boundary c o n d i t i o n ,  i . e . ,  t h e  change i n  t h e  s u r f a c e  charge d e n s i t y  
i s  much s m a l l e r  t han  t h e  average s u r f a c e  charge d e n s i t y  q, and aq /ae  i s  
n e g l i g i b l e .  The e x a c t  c o n d i t i o n ,  when t h i s  i s  t r u e ,  i s  g i v e n  f o l l o w i n g  
e q u a t i o n  (40). For t h i s  case q = 1 and e q u a t i o n  ( 2 5 )  becomes 
d rag .  This y i e l d s  4nR0 5 qoEo = 6nR0p1Vm, Va, = 2qoEoRo/(3p1>, wh ich  checks w i t h  
2 
90 1 a 
k2p, s i n  e ae 
= - - -  - ( v s i n  8) a t  r = 1 ag, ar 
The s o l u t i o n  i s  
2 ] cos e (3vm - 2)  ~ 2 r 90  1 & l E o  +1 = -r cos e + -- 
2 
q~ (3va - 2 ) r  cos e % = - -  k 2 p l  
(36 )  
( 3 7 )  
( 3 8 )  
(39 )  
q1 and q2 a r e  t h e  same as i n  e q u a t i o n s  (32 )  and ( 3 3 ) ,  w i t h  va as g i v e n  
above. The s u r f a c e  charge d e n s i t y  c a l c u l a t e d  from e q u a t i o n s  (21 )  and (37)  t o  
(39)  i s  
El Eo 
q0 
q = 1 + -  
10 
2 
- 90 [2 + 3 
3 - ~- k2p1 - 
2 
1 + - + -  Rq0 3p2 
k2”1 2p1 
COS e (40) 
Thus q = 1 i s  t y p i c a l l y  t h e  case when E~E,, E ~ E ,  < <  q,. I t  may be n o t e d  
t h a t  i n  t h e  l i m i t  qO2/(k2p,) + 0, e q u a t i o n  ( 3 9 )  becomes e q u a t i o n  (34)  and t h e  
s o l u t i o n  f o r  Case 1 i s  recove red .  Also v, + 2 / 3  when pz/p1 + m, wh ich  i s  t h e  
r e s u l t  f o r  a s o l i d  sphere .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  v, a l s o  becomes 
2 / 3  when qO2/(k2p1) + a. T h i s  may p h y s i c a l l y  be exp la i , ned  f o r  t h e  case w i t h  
k2  + 0 as fol lows. I n  e q u a t i o n s  (25 )  or ( 3 6 ) ,  when k2  + 0, t h e  c o n d u c t i o n  
c u r r e n t  a t  t h e  d r o p l e t  s u r f a c e  tends  t o  z e r o ,  as we e x p e c t  f i n i t e  e l e c t r i c  
f i e l d s  w i t h i n  t h e  d r o p l e t .  Hence, t h e  d i ve rgence  o f  t h e  c u r r e n t  due t o  charge 
c o n v e c t i o n ,  t h e  charge c o n v e c t i o n  c u r r e n t  i t e s e l f ,  and hence t h e  sur face  v e l o c -  
i t y  must be z e r o .  T h i s  i s  p r e c i s e l y  t h e  case f o r  a nonconduc t ing  s o l i d  sphere,  
where t h e  s u r f a c e  v e l o c i t y  i s  z e r o  on  account  o f  t h e  n o  s l i p  c o n d i t i o n .  I n  
Case 2 ,  d r i v i n g  f o r c e s  due t o  normal and t a n g e n t i a l  Maxwel l  s t r e s s e s  a t  t h e  
s u r f a c e  and s u r f a c e  t e n s i o n  g r a d i e n t s  a r e  a l l  p r e s e n t .  A s  ment ioned be fo re ,  
t h e  e f f e c t s  o f  t h e  s u r f a c e  t e n s i o n  g r a d i e n t s  a r e  c o n t a i n e d  i n  t h e  tagged v a r i -  
a b l e  p. p = 2 i n c l u d e s  s u r f a c e  t e n s i o n  g r a d i e n t s ,  w h i l e  P = 1 does n o t  
((3 = 1 may a l s o  r e p r e s e n t  a case where s u r f a c e  t e n s i o n  g r a d i e n t s  a r e  r e t a i n e d  
w h i l e  Maxwel l  s t r e s s e s  a r e  n o t ;  however, t h e  Maxwell  s t r e s s e s  must t h e n  be 
n e g l e c t e d  everywhere i n  t h e  f o r m u l a t i o n  and would r e s u l t  i n  Fe : 0 i n  t h e  
c o n s i d e r a t i o n  o f  t h e  n e t  f o r c e  on  t h e  d r o p l e t ,  a r e s u l t  t h a t  i s  n o t  p h y s i c a l l y  
s e n s i b l e ) .  From e q u a t i o n  (39 ) ,  
Thus, f o r  any p, av,/ap i s  a lways n e g a t i v e .  Hence v, i s  s m a l l e r  for 13 = 2 
than  for  13 = 1 ,  and so a l l  o t h e r  t h i n g s  h e l d  c o n s t a n t ,  i n c l u s i o n  of s u r f a c e  
t e n s i o n  g r a d i e n t s  r e s u l t s  i n  a lower  t e r m i n a l  v e l o c i t y  o f  m i g r a t i o n  o f  t h e  
d r o p l e t .  The d imens iona l  t e r m i n a l  v e l o c i t y  i n c l u d i n g  s u r f a c e  t e n s i o n  g r a d i -  
e n t s  i s  
( c )  De fo rma t ions  o f  t h e  d r o p l e t :  
[3 + 
[3 + 
- 4q0 2 + -  3p2] 
6q, 2 + -  9p2] 
k2p l  P l  
k2p l  2p1 
(42 )  
Hav ing  de te rm ined  t h e  t e r m i n a l  v e l o c i t y  and t h e  v e l o c i t y  and p o t e n t i a l  
f i e l d s ,  t h e  p e r t u r b a t i o n s  t o  t h e  shape o f  t h e  d r o p l e t  may now be de te rm ined ,  
assuming t h a t  such d e f o r m a t i o n s  a r e  s m a l l .  A s  ment ioned b e f o r e ,  i t  i s  t h e  no r -  
mal s t r e s s  ba lance  a t  t h e  d r o p l e t  s u r f a c e  t h a t  de te rm ines  i t s  t r u e  shape and 
w i l l  now be cons ide red .  The f o l l o w i n g  a n a l y s i s  c l o s e l y  resembles  t h a t  i n  
r e f e r e n c e s  13 and 14. The t r u e  shape o f  t h e  d r o p l e t  i s  r e p r e s e n t e d  b y  
R(8) = Ro + f ( 8 ) .  The normal s t r e s s  c o n d i t i o n  may be w r i t t e n  as 
1 
N 1 - N  2 -  0  [k+%] a t  R =  RO + f  (43 )  
where N i s  t h e  normal s t r e s s  due t o  b o t h  hydrodynamic and e l e c t r i c a l  e f f e c t s  
and Ra, Rb a r e  t h e  p r i n c i p a l  r a d i i  o f  c u r v a t u r e  o f  t h e  i n t e r f a c e .  When 
q = f / R o  < <  1 ,  t h e  f o l l o w i n g  may be w r i t t e n  ( r e f .  13) 
1 1  
2 2 f  - 1 d 6 [ s i n  6 %] 
R~~ s i n  e - 2  
- 1 + - - -  - 1 
Ra Rb Ro Ro 
- 
(44) 
(45 )  
where 
p r e s s u r e .  The d imens ion less  p r e s s u r e  p = P/(PVR/R,) i n  t h e  two f l u i d s  may be 
shown t o  be ( r e f .  1 )  
TRR = -P + 21.1 aU/aR, T ~ R R  = E / ~ ( E R ~  - Ee2), P b e i n g  t h e  hydrodynamic 
where A and A 1  a r e  t h e  c o e f f i c i e n t s  of r s i n 2 6  and r4  s i n 2 6  terms o f  t h e  
r e s p e c t i v e  s t ream f u n c t i o n s  and KO i s  an unknown c o n s t a n t .  The s u r f a c e  ten-  
s i o n  u i s  a f u n c t i o n  o f  6 and from e q u a t i o n  (81, i t  may be w r i t t e n  as 
r . 
where 6 has been assumed t o  be independent  o f  8 .  y i s  a g a i n  a tagged v a r i -  
a b l e ,  where y = 1 r e t a i n s  t h e  s u r f a c e  t e n s i o n  v a r i a t i o n s ,  w h i l e  y = 0 r e g a r d s  
t h e  s u r f a c e  t e n s i o n  as u n i f o r m .  
D r o p l e t  shape fo r  Case 1 :  Assuming q < <  1 and u s i n g  e q u a t i o n s  ( 4 4 )  to  
(47 )  and t h e  s o l u t i o n s  to  + and q for  Case 1 ,  e q u a t i o n  (43)  may f i n a l l y  be 
w r i t t e n  as 
E E 2R 2 
(48 )  - - [ s i n e 3  1 d  + 2 q = 2 - -  p2vR - -  qo Ro 9 1 0 0 cos2 
0 0 2c1u0 - 2  0 0 s i n  6 d6 
where t h e  l e f t  hand s i d e  of e q u a t i o n  (48) i s  e s s e n t i a l l y  t h e  r i g h t  hand s i d e  
o f  e q u a t i o n  ( 4 3 ) .  N e i t h e r  P n o r  y appear i n  e q u a t i o n  (48)  as 84/86 = 0 
a t  r = 1 f o r  Case 1 .  The boundary c o n d i t i o n s  on q a r e  t h a t  t h e  volume o f  
t h e  d r o p l e t  i s  unchanged as i t  deforms and t h e  o r i g i n  o f  t h e  c o o r d i n a t e s  i s  a t  
t h e  c e n t e r  o f  mass o f  t h e  d r o p l e t .  For q < <  1 ,  t hese  become 
6 q s i n  6 d6  = 0, 6 Q cos 8 s i n  6 de = 0 
From t h e  a n a l y s i s  by B r i g n e l l  ( r e f .  1 5 ) ,  t h e  s o l u t i o n  i s  
2 
2 E E R  q(6) = - 1 0 0 ( 3 C 0 S  6 - 1 )  
OO 
(49 )  
(50)  
Hence, Q < <  1 i s  v a l i d  when c ~ E ~ ~ R , / u ~  < <  1 .  
e l l i p s o i d  o f  r e v o l u t i o n ,  w i t h  an a x i s  o f  r o t a t i o n  a l o n g  t h e  f low d i r e c t i o n .  
To l e a d i n g  o r d e r ,  t h e  r a t i o  of t h e  l e n g t h s  of axes i n  t h e  f low d i r e c t i o n  t o  
t h a t  i n  t h e  normal d i r e c t i o n  i s  
The shape of  t h e  d r o p l e t  i s  an 
1 2  
I -  
gE E ~ ~ R ~  
800 
X = [l + ~(0">l/C1 + ~(90")l zz 1 + 
One sees, t h e r e f o r e ,  t h e  d r o p l e t  e longa tes  i n  t h e  f low d i r e c t i o n .  
(51)  
D r o p l e t  shape for Case 2: S i m i l a r l y ,  u s i n g  t h e  s o l u t i o n s  fo r  Case 2 and 
assuming t h a t  qOEoRo/oo < <  1 ( i . e . ,  Aa/o0 < <  1 )  and q < <  1 ,  e q u a t i o n  (43)  may 
f i n a l l y  be w r i t t e n  f o r  t h e  comb ina t ions  p = 2 ,  y = 1 or 13 = 1 ,  y = 0 as 
2 E E ~ R  
2u0 
K - -  O O [ J ~  + ( J ~  - ~ ~ ) c o s  e] (52 )  p2vR J-L [ s i n  e a  t 2q = 2 - -s i n  8 de 0 0  0 
where 
2 4 
2 J, = 9 + 1 2 -  
4 




I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  f o r  b o t h  t h e  comb ina t ions  o f  13 and y ,  no cos 
8 terms a r e  p r e s e n t  i n  t h e  r i g h t  hand s i d e  o f  e q u a t i o n  ( 5 2 ) .  y does not 
appear anywhere e l s e  i n  e q u a t i o n s  (52 )  t o  (54 )  when A0/o0 < <  1 .  The presence 
o f  a cos 8 t e r m  causes a l o g a r i t h m i c  s i n g u l a r i t y  i n  t h e  s o l u t i o n  f o r  q a t  
8 = 0,n. Hence, b o t h  t h e  f o r m u l a t i o n s  w i t h  and w i t h o u t  s u r f a c e  t e n s i o n  g r a d i  
e n t s  p r e d i c t  f i n i t e  d e f o r m a t i o n s  o f  t h e  d r o p l e t .  The s o l u t i o n  i s  
Once aga in ,  q < <  ~ = s E ~ E ~ ~ R ~ / u ~  < <  1 .  t h a t  has been 
assumed i s  a more r e s t r i c t i v e  c o n d i t i o n  as E lEo/qo  < <  1 for Case 2 .  I t  may 
be shown t h a t  i n  t h e  l i m i t  
and t h e  d r o p l e t  shape f o r  Case 1 i s  recove red ,  t hus  s e r v i n g  as a check. Also., 
However, qoEoRo/~o < <  1 
q02/k2p1 + 0, e q u a t i o n  ( 5 5 )  becomes e q u a t i o n  (50) 
" 1  5 3 0  
2 4u0 
2 (3COS e - 1 )  ( 5 6 )  
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and a(ql / i3(3 > 0 for P > 516 - ~ 2 / ( 3 ~ 1 ) .  Hence, l q l  for P = 2 i s  g r e a t e r  
t h a n  l q l  for 13 = 1. Thus t h e  i n c l u s i o n  o f  s u r f a c e  t e n s i o n  g r a d i e n t s  i n c r e a s e s  
t h e  de fo rma t ions  of t h e  d r o p l e t .  P h y s i c a l l y ,  t h i s  i s  to  be expec ted  as s u r f a c e  
t e n s i o n  v a r i a t i o n s  would t e n d  t o  deform t h e  d r o p l e t  f u r t h e r  away from i t s  
s p h e r i c a l  shape. Under t h e  c o n d i t i o n s  Ao/a0 < <  1 and t-~ < <  1 ,  t h e  i n c r e a s e  
i n  de fo rma t ions  comes from a g r e a t e r  imbalance i n  t h e  r a d i a l  Maxwel l  s t r e s s e s  
a t  t h e  s u r f a c e  o f  t h e  d r o p l e t ,  o r i g i n a t i n g  from t h e  i n c l u s i o n  o f  s u r f a c e  ten -  
s i o n  v a r i a t i o n s .  To l e a d i n g  o r d e r ,  t h e  r a t i o  of l e n g t h s  of axes o f  t h e  d r o p l e t  
i n  t h e  f low d i r e c t i o n  t o  t h a t  i n  t h e  normal d i r e c t i o n  i s  
( 5 7 )  
DISCUSSION 
I t  has been assumed t h a t  t h e  charge e x i s t s  as a s u r f a c e  charge i n  t h e  
d r o p l e t .  T h i s  i s  s t r i c t l y  t r u e  o n l y  when t h e r e  i s  no  f low and may be assumed 
t o  be a p p r o x i m a t e l y  t r u e  when t h e  c o n v e c t i o n  o f  charge i s  sma l l  compared t o  
charge d i f f u s i o n  i n  t h e  b u l k  o f  t h e  d r o p l e t .  That  i s ,  charge c o n d u c t i o n  
r e s t o r e s  s u r f a c e  charge much f a s t e r  t han  s u r f a c e  c o n v e c t i o n  d i s r u p t s  i t .  From 
t h e  charge c o n t i n u i t y  e q u a t i o n  i n  t h e  b u l k  ( r e f .  l o ) ,  t h i s  may be shown t o  be 
v a l i d  when c ~ V R / ( ~ ~ R , ) ,  i . e . ,  qoE0c2/(k2p1), i . e . ,  qO2/ (k2p, )  x ~2E,/q, < <  1 .  
S ince  .c2Eo/qo must be sma l l  t o  j u s t i f y  t h e  assumpt ion  o f  u n i f o r m  s u r f a c e  
charge d i s t r i b u t i o n  (eq .  ( 4 0 > > ,  t h i s  imposes a l i m i t  on  how b i g  q02/(k2p1) 
can be .  
f i g u r e  2 shows t h e  t e r m i n a l  v e l o c i t y  vm (eq. (39)) for v a r i o u s  va lues  
o f  p2 /p1  and q02/(k2p1) w i t h  p = 2 .  A s  can be seen, vm i s  o f  o r d e r  one 
for a l l  cases t h u s  i n d i c a t i n g  t h a t  t h e  r e f e r e n c e  s c a l e  chosen i n  a p p r o p r i a t e .  
A l s o ,  va, tends t o  2/3, t h e  v a l u e  for  a s o l i d  sphere,  for l a r g e  va lues  o f  
p 2 h 1  01" q02 / (k2p1) .  
F i g u r e  3 shows t h e  shape o f  t h e  d r o p l e t  ( e q . ( 5 5 ) )  for  p2 /p1  = 0.1, 
c ~ E ~ ~ R ~ / o ~  = 0 .1  and v a r i o u s  va lues  of q02/(k2p1) and ~ 2 / ~ 1 .  When 
q02/(k2p1) = 0, t h e  shape i s  independent  o f  c 2 / c l  , which  i s  c o n s i s t e n t  w i t h  
e q u a t i o n  (SO), t h e  r e s u l t  f o r  Case 1 .  The d r o p l e t  can be e l o n g a t e d  or con- 
t r a c t e d  i n  t h e  flow d i r e c t i o n ,  t h e  l a t t e r  b e i n g  t h e  case for l a r g e  v a l u e s  o f  
C ~ / E I  and qo2/(k2p1).  The p e r t u r b a t i o n s  from a s p h e r i c a l  shape must however 
be sma l l  f o r  t h e  t h e o r y  t o  be v a l i d .  Many o f  t h e  assumptions made a r e  t r u e  
for smal l  va lues  o f  Eo;  hence, t h i s  t h e o r y  i s  e s s e n t i a l l y  a sma l l  f i e l d  
s t r e n g t h  t h e o r y .  
SUMMARY 
The a im o f  t h i s  s t u d y  i s  t o  examine t h e  e f f e c t s  o f  s u r f a c e  t e n s i o n  v a r i a -  
t i o n s  due t o  e l e c t r i c a l  e f f e c t s  on  t h e  m i g r a t i o n  o f  d r o p l e t s  i n  an i n s u l a t i n g  
medium under m i c r o g r a v i t y  c o n d i t i o n .  The i m p o r t a n t  r e s u l t s  a r e  t h a t  s u r f a c e  
t e n s i o n  g r a d i e n t s  e x i s t  o n l y  when charge c o n v e c t i o n  i s  i n c l u d e d  and tends t o  
decrease t h e  m i g r a t i o n  v e l o c i t y  and i n c r e a s e  t h e  e x t e n t  of de fo rma t ions  o f  t h e  
d r o p l e t .  The assumptions t h a t  t h e  Reynolds number o f  t h e  m o t i o n  i s  sma l l  com- 
pa red  t o  one and t h a t  t h e  charge r e d i s t r i b u t i o n  i s  n e g l i g i b l e  e s s e n t i a l l y  
r e s t r i c t s  the  t h e o r y  t o  sma l l  a p p l i e d  f i e l d  s t r e n g t h s .  F u r t h e r  a n a l y s i s  must 
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be per fo rmed t o  i n c l u d e  t h e  e f f e c t s  of e l e c t r i c  doub le  l a y e r s  a t  t h e  d r o p l e t  
s u r f a c e ,  n o n - n e g l i g i b l e  Reynolds numbers and t h e  r e d i s t r i b u t i o n  o f  charge on 
t h e  m i g r a t i o n  v e l o c i t y  and shape o f  t h e  d r o p l e t .  
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2 - CONDUCTING DROPLET - 4 Eo + 
FIGURE 1. - SKETCH OF A MIGRATING DROPLET. 
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FIGURE 3. - DROPLET SHAPES FOR p#pl = E~E~R,/o, = 0.1. 
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